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ABSTRACT 
A modified s e t  of V o l t e r r a ' s  d i f f e r e n t i a l  equa t ions  
f o r  dynamics of prey and preda tor  popula t ions  i s  analysed.  
This  modi f ica t ion  t a k e s  t h r e e  e f f e c t s  i n t o  cons ide ra t ion :  
1) S a t i a t i o n  of p reda tor  r e s u l t i n g  i n  t h e  i n a b i l i t y  of 
e i t h e r  p reda t ion  r a t e  o r  p reda to r  reproduc t ion  r a t e  t o  
i n c r e a s e  i n f i n i t e l y  wi th  growth of prey numbers; 
2 )  Limited resources  of p rey ,  a s  a  r e s u l t  of which prey 
popula t ions  cannot  i n c r e a s e  i n f i n i t e l y  even i n  t h e  absence 
of p reda to r s ;  
3 )  Limited e x t e r n a l  r e sou rces  (un re l a t ed  t o  p rey)  of 
p r e d a t o r s ,  a s  a  r e s u l t  of which p reda to r  popula t ions  cannot 
grow i n f i n i t e l y  even when t h e r e  i s  an excess  of prey;  i .e .  
Analys i s  of t h i s  s e t  of equa t ions  g ives  many d i f f e r e n t  be- 
hav iou ra l  regimes depending on t h e  va lues  of parameters .  
Th i s  model a s  a  whole can be used t o  demonstra te  a  
number of s i t u a t i o n s :  s i t u a t i o n s  i n  which t h e  behaviour of 
a  predator-prey system i s  adequately  descr ibed  by V o l t e r r a ' s  
equa t ions ;  s i t u a t i o n s  i n  which t h e s e  equa t ions  cannot  de- 
s c r i b e  t h e  dynamics of prey-predator i n t e r a c t i o n s ;  s i t u a t i o n s  
i n  which t h e  system behaves s i m i l a r l y  t o  V o l t e r r a ' s  under 
c e r t a i n  i n i t i a l  cond i t i ons  but  n o t  under o t h e r  cond i t i ons .  

1. Introduction 
Growing environmental pollution caused by man's 
activity, rapid increase in population, and realization 
of the scarcity of natural resources raise enormous and 
pressing problems in ecology. Of primary importance is 
the problem of qualitative and quantitative prediction of 
the consequences of man's impact on natural communities. 
Particular problems involve determining the character and 
dntensity of impacts which destroy stability of communities, 
elaborating optimum criteria and determining optimal modes 
of community exploitation and, finally, creating efficient 
methods for controlling community activity. It is obvious 
that observing natural phenomena alone is not enough to 
solve these problems and that it is necessary to build 
theoretical and experimental models of the processes oper- 
ating in communities. These must be models on the basis 
of which one could frame, test, verify and refute hypothe- 
ses regarding functioning mechanisms of communities and 
the separate units within them. 
Trophic interrelations do not encompass all the community 
processes but, according to present viewpoints, they 
are decisive factors in determining the structure and 
function of communities. It therefore seems expedient to 
make trophic interrelations the object of modelling in the 
first place. In the present case, the elementary modelling 
object must be the population pair "prey-predatoru and 
t h e  e lementa ry  b e h a v i o u r a l  phenomenom i s  t h e  abundance 
dynamics ( s t a b l e  regimes  i n  t h e  f i r s t  approx imat ion)  o f  
such  a  system. 
The f i r s t  models o f  p o p u l a t i o n  dynamics i n  t h e  
p r e y - p r e d a t o r  sys tem were sugges ted  by V o l t e r r a  and 
Lotka [ l -21 .  L a t e r ,  t h e  i d e a s  conveyed i n  t h e s e  works 
were developed b o t h  i n  i n v e s t i g a t i o n s  on q u a l i t a t i v e  
a n a l y s i s  of V o l t e r r a ' s  g e n e r a l i z e d  sys tems [3-61, and i n  
s t u d i e s  where t h e  main emphasis  was p l a c e d  on c o n c r e t e  
b i o l o g i c a l  mechanisms of  p o p u l a t i o n  i n t e r r e l a t i o n s  [7-91. 
I n  t h e  p r e s e n t  p a p e r  a  p r e y - p r e d a t o r  model i s  developed 
i n  which c e n t r a l  a t t e n t i o n  i s  f o c u s s e d  on s t u d y i n g  two 
f a c t o r s  which s e e m  t o  b e  o f  p r i n c i p a l  impor tance .  F i r s t  
i s  p r e s e n t e d  t h e  a n a l y s i s  o f  a  c o n c r e t e  mechanism of  p r e y  
and p r e d a t o r  i n t e r r e l a t i o n s  under  which t h e  p r e d a t o r  i s  
s a t i a t e d  ( p r e y  b e i n g  a v a i l a b l e  i n  abundance) ,  and t h e r e f o r e  
n e i t h e r  t h e  r a t e  of  p r e y  consumption,  n o r  t h a t  o f  p r e d a t o r  
r e p r o d u c t i o n  i n c r e a s e  i n f i n i t e l y  w i t h  t h e  growth o f  t h e  
p r e y  number. Second,  t h e  a n a l y s i s  t a k e s  i n t o  a c c o u n t  t h a t  
t h e  number o f  p r e y  is  n o t  t h e  o n l y  e x t e r n a l  f a c t o r  which 
a f f e c t s  t h e  dynamics o f  t h e  p r e d a t o r  number. The p r e d a t o r  
p o p u l a t i o n ,  even i f  p r e y  i s  abundan t ,  can  b e  l i m i t e d  by 
some o t h e r  f a c t o r s  which a r e  independen t  o f  p r e y  r e s o u r c e s ,  
e . g . ,  by s c a r c i t y  o f  s u i t a b l e  h a b i t a t .  
2 .  The Michaelis-Menton Equat ion  and a Prey-Predator  System 
The c l a s s i c a l  V o l t e r r a  model assumes t h a t  t h e  r a t e  of 
p r e d a t o r  p o p u l a t i o n  growth i n c r e a s e s ,  and t h a t  o f  p r e y  de- 
c r e a s e s ,  l i n e a r l y  w i t h  t h e  growth of  b o t h  p r e d a t o r  and p r e y :  
x = ax  - bxy 
= -cy + dxy 
where x i s  t h e  number of  p r e y ,  y i s  t h e  number of p r e d a t o r s ,  
and a ,  b ,  c ,  d a r e  p o s i t i v e  c o e f f i c i e n t s .  
I n  such a sys tem t h e r e  are always f l u c t u a t i o n s  i n  t h e  
C 
number of p r e d a t o r s  and p rey  around t h e  v a l u e s  (xo = 3, yo 
- a w i t h  t h e  ampl i tudes  and p e r i o d  determined by t h e  
- I 
i n i t i a l  c o n d i t i o n s  (F ig .  I )  . 
T h i s  model h a s  two major d i s a d v a n t a g e s ,  one of  which 
i s  of  a  b i o l o g i c a l  c h a r a c t e r  and t h e  o t h e r  o f  a  ma themat ica l  
one .  From t h e  b i o l o g i c a l  v iewpoin t ,  l i n e a r  dependence of 
t h e  ra te  o f  p r e d a t i o n  and p r e d a t o r  r e p r o d u c t i o n  on t h e  num- 
b e r  of p rey  i s  cons ide red  by many a u t h o r s  t o  b e  a  v e r y  
c r u d e  approximat ion  of  r e a l i t y  which i s  t r u e  o n l y  w i t h i n  
some v e r y  narrow l i m i t s .  From t h e  mathemat ica l  v i e w p o i n t ,  
t h e  main drawback o f  t h e  V o l t e r r a  sys tem i s  t h e  f a c t  t h a t  
t h i s  sys tem i s  n o t  " r o b u s t . "  That  i s ,  t h e  accoun t  of  any 
f a c t o r s  o r  e f f e c t s  n o t  t a k e n  i n t o  c o n s i d e r a t i o n  when b u i l d -  
i n g  t h e  model, r e s u l t s  i n  q u a l i t a t i v e  m o d i f i c a t i o n s  of 
t h e  s y s t e m ' s  behav iour .  I n  p a r t i c u l a r ,  under  such  changes  
t h e r e  a r e  no longer  o s c i l l a t i o n s  of numbers wi th  a r b i t r a r y ,  
cons t an t  ampli tudes  and frequency depending only 
on t h e  i n i t i a l  cond i t i ons .  Thus, con t r a ry  t o  i t s  wide- 
spread p o p u l a r i t y ,  t h e  V o l t e r r a  model cannot e x p l a i n  
t h e  i n t e r r e l a t e d  o s c i l l a t i o n s  of t h e  number of prey and 
p r e d a t o r s  w i th  c o n s t a n t  ampli tudes  and frequency which 
a r e  sometimes p r e s e n t  i n  n a t u r a l  and exper imental  commu- 
n i t i e s .  I f  t h e  a c t u a l  n a t u r e  of prey and p r e d a t o r  i n t e r -  
r e l a t i o n s  r e a l l y  corresponded t o  t h e  V o l t e r r a  model, then  
observed ampli tudes  and f r equenc ie s  of o s c i l l a t i o n  should 
change w i t h i n  unbounded l i m i t s  because of  i n e v i t a b l e  ran-  
dom e x t e r n a l  impacts.  In o r d e r  t o  exp la in  o s c i l l a t i o n s  
of a  s t a b l e  c h a r a c t e r ,  one needs a  model w i th  a  l i m i t  
c y c l e ,  t h a t  i s ,  a  model d e s c r i b i n g  t h e  dynamics under 
which a  system comes t o  t h e  regime of s t a b l e  o s c i l l a t i o n s  
w i th  c o n s t a n t  ampli tudes  and f r equenc ie s  from any i n i t i a l  
c o n d i t i o n s .  
The V o l t e r r a  system i s  cons t ruc t ed  s i m i l a r l y  t o  t h e  
equa t ions  of chemical  k i n e t i c s .  The processes  of  prey 
reproduc t ion  and t h e  n a t u r a l  m o r t a l i t y  of p r e d a t o r s  a r e  
cons idered  a s  monomolecular r e a c t i o n s  o r ,  i n  o t h e r  words, 
a s  f i r s t  o r d e r  r e a c t i o n s  t h e  r a t e  of which i s  p r o p o r t i o n a l  
t o  a  r eagen t  concen t r a t i on  ( i n  t h e  given c a s e ,  p r o p o r t i o n a l  
t o  t h e  prey o r  p r e d a t o r  p o p u l a t i o n s ) .  S i m i l a r l y ,  prey and 
p reda to r  i n t e r r e l a t i o n s  a r e  cons idered  a s  second o r d e r  
r e a c t i o n s  where prey a r e  a n n i h i l a t e d  (and p r e d a t o r s  i nc rease  
t h e i r  number) a t  a  r a t e  p r o p o r t i o n a l  t o  t h e  number of each 
of t h e  i n t e r r e l a t e d  populat ions .  
Obviously,  such an analogy between t h e  processes  of 
p reda t ion  and bimolecular  r e a c t i o n s  i s  very crude. In 
f a c t ,  t h e  k i n e t i c s  of p reda t ion  remind one n o t  s o  much of 
bimolecular  r e a c t i o n s  proceeding according t o  t h e  law of 
r e a c t i n g  masses, bu t  r a t h e r  of t h e  mechanism of enzyme 
r e a c t i o n s .  Let  us cons ider  t h e  s i t u a t i o n  i n  more d e t a i l .  
In  such a  scheme t h e  preda tor  performs t h e  r o l e  of an 
enzyme which c a t a l y s e s  t rans format ion  of  a  s u b s t r a t e  (p rey)  
i n t o  a  product  (excrements of a  p r e d a t o r ) .  The analog of 
an enzyme i s  a hungry p reda to r  i n  t h i s  p roces s ,  t h e  analog 
of an enzyme-substrate complex i s  a preda tor  hunt ing  f o r  a  
prey and a  s a t i a t e d  p reda to r ,  t h e  analog of a  d i s s o c i a t i o n  
r e a c t i o n  of an enzyme-substrate complex i s  a p r e y ' s  escap-  
i n g  from a  pursuing preda tor .  On t h e  whole, t h e  process  
looks as  follows i n  the suggested scherre: the predator finds randanly 
wandering prey and s t a r t s  t o  pursue it ( i n  c h e n i c a l  t e rms ,  
it binds  a  s u b s t r a t e ) .  The p reda to r  then e i t h e r  l e t s  t h e  
prey escape o r  e a t s  it ,  t hus  t ransforming t h e  l a t t e r  i n t o  a  
r e a c t i o n  produc t ,  and i t s e l f  r e v e r t i n g  i n t o  an i n i t i a l  s t a t e  
of hunger. A t  f i r s t  s i g h t ,  it does  n o t  seem r i g h t  t o  
cons ider  a  p reda to r  pursuing a  prey and a  s a t i a t e d  p reda to r  
a s  being i n  t h e  same s t a t e ,  bu t  such an approach seems 
j u s t i f i e d  i n  t h e  f i r s t  approximation and a s  a  very rough 
scheme (though s t i l l  more s u b t l e  than t h a t  of  V o l t e r r a ) .  
According t o  t h i s  assumption a  p r e d a t i o n  p r o c e s s  is  
comple te ly  s i m i l a r  t o  t h e  mechanism o f  enzyme r e a c t i o n  
S  + E + [ES] -+ E + P, where S  i s  s u b s t r a t e ,  E t h e  
enzyme, ES t h e  enzyme-subs t ra te  complex and P t h e  r e a c t i o n  
p r o d u c t .  K i n e t i c s  of  t h i s  r e a c t i o n  comply w i t h  t h e  
Michaelis-Menton e q u a t i o n ,  whose d e r i v a t i o n  can be  found 
i n  any chemica l  k i n e t i c s  t e x t  ( f o r  example [ l O I ) .  
where i n  o u r  case x  means c o n c e n t r a t i o n  o f  p r e y ,  y  i s  t h e  
c o n c e n t r a t i o n  o f  p r e d a t o r s ,  N i s  t h e  a n a l o g  of  t h e  M i c h a e l i s  
c o n s t a n t  ( i n  t h i s  p a r t i c u l a r  case a c o n c e n t r a t i o n  o f  
p rey  where h a l f  o f  t h e  p r e d a t o r s  would be permanent ly  
h u n g r y ) ,  bN i s  t h e  maximum r a t e  o f  p r e d a t i o n  p e r  p r e d a t o r  
c o n c e n t r a t i o n  u n i t ,  b  i s  a c o n s t a n t  r e l a t i n g  t o  f r equency  
of  p r e d a t o r - p r e y  c o l l i s i o n ,  t h a t  i s  t h e  same c o n s t a n t  a s  i n  
t h e  c l a s s i c a l  V o l t e r r a  e q u a t i o n  ( I ) * .  
Assuming t h a t  t h e  p r e y  p o p u l a t i o n  i n  t h e  absence .o f  
p r e d a t o r s  i n c r e a s e d  e x p o n e n t i a l l y ,  w e  o b t a i n  an e q u a t i o n  
* I n  chemica l  k i n e t i c s  t h e  Michaelis-Menton e q u a t i o n  i s  based  
on t h e  assumpt ion  t h a t  c o n c e n t r a t i o n  of  f r e e  s u b s t r a t e  i s  
always  h i g h e r  t h a n  c o n c e n t r a t i o n  of  bound s u b s t r a t e ,  o r ,  
e q u i v a l e n t l y ,  h i g h e r  t h a n  t h e  c o n c e n t r a t i o n  o f  enzyme-sub- 
s t r a t e  complex. I n  t e r m s  o f  e c o l o g y  it means t h a t  a t  any 
g i v e n  moment a r e l a t i v e l y  s m a l l  p r o p o r t i o n  of  a  p r e y  p o p u l a t i o n  
i s  pursued  by p r e d a t o r s .  T h i s  assumpt ion  seems t o  b e  j u s t i f i e d .  
f o r  t h e  dynamics of prey numbers i n  t h e  prey-predator 
model : 
where a = 1 / N .  
For low concen t r a t i ons  of prey ( x < <  N ) ,  t h i s  
equat ion approximates t h e  corresponding V o l t e r r a  equa t ion ,  
whereas f o r  h igher  va lues  of x ,  it d i f f e r s  favourably  from 
V o l t e r r a ' s  i n  t h a t  it r e f l e c t s  t h e  i m p o s s i b i l i t y  of i n f i -  
n i t e  i n c r e a s e  of t h e  preda t ion  r a t e  wi th  growth of t h e  prey 
popula t ion .  I n  p a r t i c u l a r ,  equa t ion  ( 3 )  shows t h a t  a t  very 
high prey popula t ion  d e n s i t i e s  t h e  r a t e  of p reda t ion  i s  
determined e x c l u s i v e l y  by t h e  number of p reda to r s .  
Le t  us cons ide r  now t h e  dynamics of t h e  p r e d a t o r  
populat ion.  Based on V o l t e r r a ' s  assumption t h a t ,  f i r s t ,  
p r eda to r  popula t ions  i n  t h e  absence of prey undergo expo- 
n e n t i a l  decay and, second, t h a t  a  c e r t a i n  c o n s t a n t  p a r t  
of t h e  consumed prey biomass i s  converted i n t o  p r e d a t o r  
biomass (it i s  n o t  important  whether it happens due t o  
growth o r  r e p r o d u c t i o n ) ,  one o b t a i n s  t h e  fol lowing equa- 
t i o n  f o r  dynamics of p reda tor  popula t ion  s i z e  
Here, d/b i s  a  r a t i o  of convers ion of prey biomass i n t o  
p r e d a t o r  biomass. 
When a  p rey  popu la t i on  i s  sma l l ,  t h i s  equa t i on  
corresponds  t o  t h e  V o l t e r r a  equa t i on .  Eut  when t h e  va lue  of  
x  i s  h i g h e r ,  t h e  equa t i on  d i f f e r s  favourab ly  from volter-a's 
equa t ion  because  it r e f l e c t s  t h e  i m p o s s i b i l i t y  of 
un l imi t ed  i n c r e a s e  of  p r e d a t o r  r ep roduc t i on  r a t e  w i t h  t h e  
growth of  p rey  popu la t i on  s i z e .  I n  p a r t i c u l a r ,  when t h e  
number of  p rey  i s  b i g  enough (x  > >  N ) ,  t h e  r a t e  of  growth 
of  t h e  p r e d a t o r  p o p u l a t i o n  w i l l  be  determined e x c l u s i v e l y  
by i t s  own magnitude 
where D i s  a b i o t i c  p o t e n t i a l  of  p r e d a t o r ,  i . e . ,  a  s p e c i -  
f i c  r a t e  of growth of  p r e d a t o r  popu la t i on ,  t a k i n g  i n t o  
account  n a t u r a l  d e a t h  r a t e  when prey a r e  i n  excess .  
Thus w e  c b t a i n  a  sys tem of equa t i ons  d e s c r i b i n g  t h e  
dynamics of t h e  i n t e r a c t i n g  p rey  and p r e d a t o r  popu la t i ons  
which is f r e e  from one of  t h e  main f a u l t s  of V o l t e r r a ' s  
sys tem 
x  = a x  - bxy l + a x  
I n  t h e  o b t a i n e d  model, c o n t r a r y  t o  V o l t e r r a ' s  sys tem,  
n e i t h e r  r a t e  o f  p r e d a t i o n  nor  growth r a t e  of  p r e d a t o r  
p o p u l a t i o n  i n c r e a s e  i n f i n i t e l y  w i t h  t h e  growth of  prey  
p o p u l a t i o n ,  b u t  r a t h e r  a r e  de termined e x c l u s i v e l y  by t h e  
q u a n t i t y  o f  p r e d a t o r s  when t h e  number of  p rey  i s  l a r g e  
enough. * 
I t  shou ld  be  mentioned t h a t  t h e  dependence of  t h e  
p r e d a t i o n  r a t e  on t h e  number of  p r e y ,  which i s  a p p a r e n t  
from t h e  proposed model, reminds one ve ry  much of t h e  
dependence de te rmined  e m p i r i c a l l y  by I v l e v  [ 1 3 ] :  
where r i s  t h e  p r e d a t o r ' s  r a t i o n ,  i .e .  biomass of  prey  
e a t e n  by a  p r e d a t o r  p e r  t i m e  u n i t ;  R i s  t h e  l i m i t  r a t i o n ,  
i . e .  r a t i o n  when p rey  a r e  i n  e x c e s s ,  P i s  t h e  p rey  popula-  
t i o n  d e n s i t y .  I n  b o t h  models t h e  r a t e  of p r e d a t i o n  
* The e x i s t e n c e  o f  a  s i m i l a r i t y ' b e t w e e n  t h e  dependence o f  
b a c t e r i a l  p o p u l a t i o n  growth r a t e  on c u l t u r e  medium concen- 
t r a t i o n  and t h e  dependence d e s c r i b e d  by t h e  Michae l i s -  
Menten e q u a t i o n  was mentioned by Monod [ l l ] ,  Noviek and 
S z i l a r d  [ 1 2 ] ,  and o t h e r s .  T h i s  i s  i m p o r t a n t ,  because  it 
s u g g e s t s  t h a t  i n  a  phenomenological s e n s e  t h e  p r o c e s s  o f  
p r e d a t i o n  and growth o f  " p r e d a t o r "  p o p u l a t i o n  c o u l d  be  
p r o p e r l y  e x p r e s s e d  a l s o  i n  t h o s e  c a s e s  when t h e  i n t i m a t e  
mechanism o f  i n t e r a c t i o n  e s s e n t i a l l y  d i f f e r s  from t h e  
p r e v i o u s l y  d e s c r i b e d  one on which k i n e t i c s  o f  enzyme r e a c -  
t i o n s  o r  i t s  " e c o l o g i c a l "  v a r i a n t  i s  based.  
when prey  numbers a r e  sma l l  i s  p r o p o r t i o n a l  t o  t h e  p roduc t  
o f  number o f  p rey  and p r e d a t o r s .  But when prey numbers 
a r e  l a r g e r ,  t h e  p r e d a t i o n  r a t e  i s  determined e x c l u s i v e l y  
by t h e  q u a n t i t y  o f  p r e d a t o r s .  T h i s  assumption a l l o w s  u s  
t o  assume t h a t  t h e  p r o p e r t i e s  of  t h e  sys tem ( 7 )  cons ide r ed  
below, and t h e  r e s u l t s  ob t a ined  r e l a t e  i n  c o n s i d e r a b l e  
p a r t  o r  even a s  a  whole t o  t h e  p reda to r -p rey  sys tem based 
on I v l e v ' s  equa t i on .  The l a t t e r ,  however, r e q u i r e s  s p e c i a l  
v e r i f i c a t i o n .  
Study o f  t h e  System 
L e t  us  s t u d y  t h e  system ( 7 )  . W e  beg in  by f i n d i n g  t h e  
e q u i l i b r i u m  p o i n t s  o f  t h e  sys tem,  i . e .  t h e  v a l u e s  of  preda-  
t o r  and p r ey  popu l a t i on  which, i n  t h e  absence  of  e x t e r n a l  
e f f e c t s ,  a r e  c o n s t a n t .  Then w e  de te rmine  t h e  n a t u r e  of  
s t a b i l i t y  of  t h e s e  e q u i l i b r i u m  p o i n t s .  
Out o f  t h e  a l g e b r a i c  system: 
a  ( l + a x )  x  - bxy = 0 
-c (:+ax) y  - dxy = 0 
one f i n d s  c o o r d i n a t e s  o f  two e q u i l i b r i u m  p o i n t s  of t h e  sys-  
t e m :  o and A ,  where 
C 
0 { X  = 0 ,  y  = 0 ) ;  A { X  = - a  d  d+ca r  = 6 d-ca" 
P o i n t  0 ,  s i m i l a r  t o  V o l t e r r a ' s  sys tem,  i s  a  s a d d l e  p o i n t  
(See F ig .  11). T h i s  i s  appa ren t  w i thou t  any s p e c i a l  v e r i -  
f i c a t i o n ,  s i n c e  it i s  c l e a r  t h a t  p r e d a t o r s  i n  t h e  absence  
of  p r ey  a r e  d e c r e a s i n g  ( i . e .  t h e  t r a j e c t o r y ,  c o a x i a l  
with  t h e  o r d i n a t e  a x i s ,  i n t e r s e c t s  t h e  o r i g i n ) ,  and 
r e p r o d u c t i o n  of  p rey  i n  t h e  absence  of  p r e d a t o r s  i s  unlim- 
i t e d  ( i .e .  t h e  t r a j e c t o r y ,  c o a x i a l  w i t h  t h e  a b s c i s s a  
a x i s ,  s t a r t s  a t  t h e  o r i g i n ) .  To d i s c o v e r  t h e  s t a b i l i t y  
p r o p e r t i e s  of p o i n t  A ,  one l i n e a r i s e s  sys tem ( 7 )  i n  t h e  
v i c i n i t y  of p o i n t  A .  L e t  
I n  t h a t  c a s e :  
The c h a r a c t e r i s t i c  e q u a t i o n  of  t h e  sys tem is :  
a  (d-ac)  
- X 
b  
The r e a l  p a r t  o f  t h e  r o o t s  of t h e  c h a r a c t e r i s t i c  e q u a t i o n  i s  
always p o s i t i v e  and,  t h e r e f o r e ,  t h e  p o i n t  A i s  always u n s t a b l e .  
I t  i s  n o t  d i f f i c u l t  t o  show t h a t  under  0 < a < 2d - 1) , 
a  c 
A i s  a  f o c a l  p o i n t  ( F i g .  I1 (i) ,I1 (ii) ) , b u t  
d 
under 2: (c- 1) < a  < - , A i s  a  node p o i n t  (F ig .  I1 (iii) ) . 
a  c c 
d Under a  > - t h e  c o o r d i n a t e s  of p o i n t  A become n e g a t i v e  
c 
having ,no- e c o l o g i c a l ~ s i g n i f i c a n c e  ( F i q . I I ( i v ) ) . *  
S i n ce  under a  + 0 t h e  sys tem (7)  i s  t r a n s f e r r e d  i n t o  
t h e  c l a s s i c  V o l t e r r a  sys tem (1) i n  which a  co r r e spond ing  
s i n g u l a r  p o i n t  i s  a  c e n t e r ,  it cou ld  be  s a i d  t h a t  s a t i a t i o n  
of p r e d a t o r s  i n  V o l t e r r a ' s  sys tem r e s u l t s  i n  i n s t a b i l i t y  
of t h e  n o n t r i v i a l  e q u i l i b r i u m  p o i n t .  That  means t h a t  i f  i n  
V o l t e r r a ' s  sys tem o s c i l l a t i o n  i n  numbers o f  bo th  p r e d a t o r s  
and p rey  co u l d  t a k e  p l a c e  i n  t h e  absence  o f  e x t e r n a l  e f f e c t s  
f o r  an i n d e f i n i t e  p e r i o d  o f  t i m e  w i t h  an ampl i tude  depending 
on i n i t i a l  c o n d i t i o n s ,  t h e n  i n  t h e  sys tem cons ide r ed  num- 
b e r s  o f  b o t h  p o p u l a t i o n s  i n  t h e  v i c i n i t y  of  t h e  e q u i l i b r i u m  
p o i n t  would f l u c t u a t e  w i t h  e v e r  growing amp l i t udes .  To 
unders tand  t h e  outcome it is  neces sa ry  t o  c o n s i d e r  t h e  behav- 
i o u r  o f  sys tem ( 7 )  under l a r g e  v a l u e s  o f  x. 
Under x  > >  l / a  sys tem ( 7 )  h a s  t h e  fo l l owing  form: 
where B i s  t h e  maximum r a t e  of  p r e d a t i o n  p e r  u n i t  o f  
* The l a t t e r  i n e q u a l i t y  s imply  means t h a t  t h e  maximum r a t e  
o f  p r e d a t o r  r e p r o d u c t i o n ,  when p r e y  a r e  i n  exce s s  ( d / a ) ,  i s  
less t h a n  i t s  n a t u r a l  d e a t h  r a t e .  It i s  c l e a r  t h a t  under 
t h e s e  c o n d i t i o n s  r e p r o d u c t i o n  o f  p r ey  i s  alway u n l i m i t e d ,  
b u t  t h e  p r e d a t o r s  d i e  o u t .  
p r e d a t o r  o r ,  i n  o t h e r  words, t h e  maximum r a t i o n  o f  t h e  
p r e d a t o r ;  and D i s  t h e  maximum n e t  r a t e  o f  p r e d a t o r  
p o p u l a t i o n  growth w i t h  n a t u r a l  d e a t h  r a t e  o r  b i o t i c  
p o t e n t i a l  o f  t h e  p r e d a t o r  t a k e n  i n t o  accoun t .  
I n  o r d e r  t o  de te rmine  t h e  n a t u r e  o f  t h e  behav iour  o f  
system (9), one f i n d s  t h e  s i g n  of t h e  t r a j e c t o r i e s '  curva-  
2 2 t u r e  on t h e  phase  p l a n e ,  i . e .  t h e  s i g n  o f  d  y/dx . T h i s  
a l l o w s  us  t o  p r e d i c t  whether  t r a j e c t o r i e s  a lways  r e t u r n  t o  
t h e  r e g i o n  o f  low p o p u l a t i o n  numbers ( x < x o ,  y < y  ) p a s s i n g  0  
t h e  f o c a l  p o i n t  r e p e a t e d l y ,  o r  whether  under c e r t a i n  i n i t i a l  
c o n d i t i o n s  t h e y  go t o  i n f i n i t y .  W e  o b t a i n :  
I t  i s  n o t  d i f f i c u l t  t o  see t h a t  t h e  l a t t e r  e q u a t i o n  
means t h a t  a  phase p o r t r a i t  of  sys tem ( 7 )  under a  < D h a s  
d  a  
a  shape  seen  i n  F i g u r e  I1 (i) ; and under 2- ( 1 + - -1) > a 
a  c 
and a  > D has  a  shape  seen i n  F i g u r e  I1 (ii). The o b t a i n e d  
r e s u l t  may be  i n t e r p r e t e d  i n  t h e  f o l l o w i n g  way: i f  t h e  
b i o t i c  p o t e n t i a l  o f  a  p r e d a t o r  i s  less t h a n  t h e  p o t e n t i a l  
of p rey  ( F i g . I I ( i i ) )  it a p p e a r s  t h a t  t h e  prey  p o p u l a t i o n  
e s c a p e s  from p r e d a t o r  c o n t r o l ,  and t h e  number of  p rey  a f t e r  
s e v e r a l  o s c i l l a t i o n s  b e g i n s  t o  i n c r e a s e  u n l i m i t e d l y  and 
monoton ica l ly .  The number o f  p r e d a t o r s  i n c r e a s e s  c o r r e -  
spondingly  i n  an u n l i m i t e d  and monotonic manner, b u t  a t  a  
s m a l l e r  r a t e .  A l l  phase  t r a j e c t o r i e s  go t o  i n f i n i t y  under  
a - D  t h e  l i n e  y  = B x. I t  i s  worth mentioning t h a t  a  s i m i -  
l a r  e f f e c t  of e s c a p e  of  p rey  from p r e d a t o r  ( o r  p a r a s i t e )  
c o n t r o l  is  w e l l  known [ I ] .  I f  t h e  b i o t i c  p o t e n t i a l  of  
t h e  p r e d a t o r  is  g r e a t e r  than  t h e  p o t e n t i a l  of p r ey  
( F i g . I I ( i ) ) ,  p r ey  cou ld  n o t  escape from t h e  p r e d a t o r  and,  
fo rmal ly ,  i n  t h e  model sys tem t h e r e  would be  f l u c t u a t i o n s  
o f  p r e d a t o r s '  and p r e y ' s  numbers f o r  a  long p e r i o d  of t i m e  
and w i th  ever-growing ampl i tude .  A c t u a l l y  t h a t  means t h a t  
i n  some s e q u e n t i a l  c y c l e  o f  t h e  unwinding s p i r a l  t h e  t r a -  
j e c t o r y  of  t h e  sys tem w i l l  come s o  c l o s e  t o  one of  t h e  
c o o r d i n a t e  axes  t h a t  due  t o  random s t o c h a s t i c  f l u c t u a t i o n  
it w i l l  c o n t a c t  t h e  a x i s  and b e  absorbed by t h e  l a t t e r .  
Th is  outcome i s  i n e v i t a b l e  because  w i t h  each c y c l e  of t h e  
s p i r a l  t h e  t r a j e c t o r y  w i l l  be  more t i g h t l y  p r e s sed  t o  t h e  
c o o r d i n a t e  axes .  I n  t e r m s  of ecology,  t h a t  means t h a t  i n  
a  r e a l  s i t u a t i o n  cor responding  t o  t h e  proposed model, t h e  
ampl i tude  o f  f l u c t u a t i o n s  o f  p r e d a t o r  and prey numbers 
w i l l  i n c r e a s e  s o  t h a t  w i t h  a  minimum number of  p r ey ,  e i t h e r  
t h e  p r e d a t o r  e v e n t u a l l y  d i e s  o u t  due t o  s c a r c i t y  o f  prey 
and t h e  s u r v i v i n g  p a r t  o f  t h e  p rey  popu la t i on  reproduces  
i t s e l f  u n l i m i t e d l y  ( t h e  t r a j e c t o r y  c o n t a c t s  t h e  a b s c i s s a  
a x i s ) ,  o r  t h e  p r e d a t o r  e l i m i n a t e s  t h e  e n t i r e  p rey  popula- 
t i o n  and t h e n ,  n a t u r a l l y ,  d i e s  o u t  i t s e l f  ( t r a j e c t o r y  c o n t a c t s  
t h e  o r d i n a t e  a x i s )  . 
4 .  C o m ~ e t i t i o n  i n  V o l t e r r a ' s  Model 
The obvious  weakness of  t h e  model cons idered  i s  due 
t o  t h e  f a c t  t h a t  it c o n t a i n s  regimes responding t o  un l imi t ed  
r e p r o d u c t i o n  o f  e i t h e r  p rey  a l o n e  o r  p rey  and p r e d a t o r s .  
Thus, t h e  behaviour  of t h e  system under  g r e a t  numbers o f  
p r e d a t o r s  and,  p a r t i c u l a r l y ,  of  p r e y  i s  o b v i o u s l y  n o t  
r e a l i s t i c  because  i n  f a c t  n e i t h e r  p r e d a t o r s  n o r  p rey  can 
i n c r e a s e  t h e i r  numbers i n d e f i n i t e l y .  To improve t h e  s i t u a -  
t i o n ,  i n  a d d i t i o n  t o  t h e  p r e v i o u s l y  d e s c r i b e d  i n t e r a c t i o n s  
between p r e d a t o r s  and p r e y ,  it i s  n e c e s s a r y  t o  t a k e  i n t o  
accoun t  e f f e c t s  r e s t r i c t i n g  t h e  u n l i m i t e d  r e p r o d u c t i o n  o f  
p o p u l a t i o n s ,  i .e .  t o  p u t  t e r m s  d e s c r i b i n g  t h e  e f f e c t  o f  
i n t r a s p e c i f i c  compet i t ion  among p r e y  and among p r e d a t o r s ,  
r e s p e c t i v e l y ,  i n t o  e q u a t i o n s  f o r  t h e  dynamics o f  numbers. 
Competi t ion h e r e  means d e c r e a s i n g  r e p r o d u c t i o n  o r  
i n c r e a s i n g  d e a t h  r a t e  w i t h  growth o f  d e n s i t y  o f  t h e  c o r -  
responding p o p u l a t i o n .  Mechanisms o f  compet i t ion  c o u l d  b e  
q u i t e  d i f f e r e n t  and ,  r e s p e c t i v e l y ,  t e r m s  d e s c r i b i n g  e f f e c t s  
of  c o m p e t i t i o n  c o u l d  have v a r i o u s  forms. L e t  u s  c o n f i n e  
o u r s e l v e s  t o  a  s imple  assumpt ion ,  o f t e n  used i n  mathemat ica l  
eco logy ,  t h a t  w i t h  growth o f  p o p u l a t i o n  numbers, r ep roduc-  
t i o n  l i n e a r l y  d e c r e a s e s  o r ,  a l t e r n a t i v e l y ,  d e a t h  r a t e  
l i n e a r l y  i n c r e a s e s .  I n  o t h e r  words, l e t  us assume t h a t  com- 
p e t i t i o n  among prey  i n  sys tem ( 7 )  b r i n g s  us  t o  t h e  f o l l o w i n g  
system: 
and compe t i t i on  among p r e d a t o r s  g i v e s  t h e  system: 
. 
x = ax- bxy l + a x  
+ = -cy + p Y .  l + a x  2 
I t  i s  workh n o t i n g  t h a t  compe t i t i on ,  exp re s sed  by t h e  
t e r m  py2 i n  sys tem (11) , i s  compet i t ion  among p r e d a t o r s  n o t  
f o r  p r ey ,  because  number o f  p r ey  i s  n o t  i nc luded  i n  t h e  
t e r m ,  b u t  r a t h e r  f o r  any o t h e r  r e s o u r c e s  u n r e l a t e d  t o  p rey  
b u t  r e q u i r e d  by t h e  p r e d a t o r  ( i . e .  s imple  compe t i t i on  f o r  
a  t e r r i t o r y ) .  
Before  c o n s i d e r i n g  sys tems (10)  and (l l) ,  it is  
n e c e s sa ry  t o  r e c a l l  t h e  r e s u l t  one o b t a i n s  when t h e  t e r m  o f  
c o m pe t i t i on  among p r ey  i s  p u t  i n t o  ~ o l t e r r a ' s  model i n  t h e  
same way: 
. 
x = a x  - bxy - ax 2 
and when t h e  t e r m  of  compe t i t i on  among p r e d a t o r s  i s  p u t  
i n t o  it: 
I t  i s  n o t  d i f f i c u l t  t o  show [ I S ]  t h a t  i n  t h e  f i r s t  
c a s e  when E i s  s m a l l ,  t h e  " c e n t e r "  t y p e  s i n g u l a r  p o i n t  A 
i n  V o l t e r r a ' s  sys tem (1) i s  t ransformed i n t o  a  s t a b l e  f o c a l  
p o i n t .  Moreover, t h e  " s add l e "  t ype  I x  = a / € ,  y = 0 1  s ingu-  
l a r  p o i n t  B ,  which exp re s se s  e q u i l i b r i u m  number of  p rey  i n  
t h e  absence of a  p r e d a t o r ,  appears  on t h e  a b s c i s s a  a x i s .  
Now t h e  number o f  prey  could  n o t  i n c r e a s e  i n d e f i n i t e l y  
(F ig .  I V ( i )  ) . I f  E grows, t h e  s t a b l e  f o c a l  p o i n t  f i r s t  i s  
t ransformed i n t o  a  s t a b l e  node p o i n t  (F ig .  I V ( i i ) )  and t h e n ,  
under E = ad/c ,  it u n i t e s  w i th  t h e  s a d d l e  p o i n t  ( F i g . I V ( i i i ) ) .  
T h i s  l a t t e r  combination o f  parameter  va lue s  means t h a t  a  
s t a b l e  c o e x i s t e n c e  of  p r e d a t o r s  and prey i s  imposs ib le  be- 
c ause  t h e  number of  p r ey ,  due t o  l i m i t a t i o n  by e x t e r n a l  
r e s o u r c e s ,  is  s o  s m a l l  t h a t  it can n o t  suppo r t  p r e d a t o r s .  
When compe t i t i on  between p r e d a t o r s  i s  t aken  i n t o  account  
(131, t h e  c e n t e r  o f  V o l t e r r a ' s  system i s  a l s o  t r a n s -  
formed i n t o  a  s t a b l e  f o c a l  p o i n t  and,  f o r  p l a r g e  enough, 
i n t o  a  s t a b l e  node p o i n t ,  b u t  no new e q u i l i b r i u m  p o i n t s  
appear .  
Competi t ion between bo th  p r e d a t o r s  and p r e y ,  t aken  i n t o  
account  s imu l t aneous ly ,  g i v e s  t h e  system: 
x = ax  - bxy - E X  2 
( 1 4 )  
L 
= -cy + dxy - uy . 
The n a t u r e  of  behaviour  o f  t h i s  system does  n o t  
I 
d i f f e r  from t h e  behaviour  o f  system ( 1 2 )  i n  a  q u a l i t a t i v e  
I 
way under va r ious  combinations of va lues  of parameters  
E and p (Fig .  111). Represen ta t ive  behaviours  a r e  shown 
i n  Fig .  I V .  
5. Summary E f f e c t  of  P r e d a t o r ' s  S a t i a t i o n  and Competition 
among Prey 
Let  us now cons ide r  system (10) 
i n  which e f f e c t s  of  p r e d a t o r s '  s a t i a t i o n  and compet i t ion 
among prey a r e  taken i n t o  account.  This  system, s i m i l a r  t o  
system ( 1 2 ) ,  has  two equ i l i b r ium p o i n t s :  
Le t  us  cons ide r  t h e  n a t u r e  of  t h e  behaviour of t h e  
system i n  d e t a i l  under va r ious  parameter va lues .  F i r s t  no t e  
t h a t  a  p o i n t  A h a s  a  b i o l o g i c a l  meaning on ly  i f  it l i e s  i n  
t h e  reg ion  of  p o s i t i v e  va lues  of v a r i a b l e s ,  
E < 
a ( d  - a c )  
C 
Otherwise,  p o i n t  A d e p a r t s  from t h e  f i r s t  quadrant  and changes 
from a  s a d d l e  p o i n t  t o  a  s t a b l e  node ( F i g . v ~ ( i i i ) ) .  By 
s tudying i n e q u a l i t y  ( 1 5 ) ,  we can s e e  t h a t  p o i n t  B i s  always 
a  saddle  and t h e  cond i t i on  necessary  . fo r  s t a b i l i t y  o f  p o i n t  d 
c o n s i s t s  of s a t i s f y i n g  t h e  i n e q u a l i t y  
This  could  be e a s i l y  shown by l i n e a r i z i n g  t h e  system 
i n  t h e  v i c i n i t y  o f  t h i s  p o i n t .  The s t a b i l i t y  c o n d i t i o n  of  
p o i n t  A a t t a i n s  t h e  most obvious and e a s i l y  i n t e r p r e t e d  
form i n  t h a t  i n t e r e s t i n g  c a s e  when a  i s  sma l l  ( i . e .  e f f e c t s  
a s s o c i a t e d  w i t h  s a t i a t i o n  o f  t h e  p r e d a t o r  a r e  weaker t han  
e f f e c t s  of  i n t e r a c t i o n  of p r e d a t o r s  and p r e y ,  and t e r m s  of  
h i g h e r  o r d e r  t han  t h e  f i r s t  one can be  ignored a long  a ) .  
Then t h e  s t a b i l i t y  c o n d i t i o n  w i l l  be 
E > a a .  
Thus, i f  compet i t ion  i s  i n t e n s e  enough, p o i n t  A i s  
s t a b l e  ( F i g . V I ( i ) )  and t h e  phase p o r t r a i t  of sys tem (10)  
i s  i n  a  q u a l i t a t i v e  way, s i m i l a r  t o  t h e  p o r t r a i t  of  sys tem 
(12)  F i g .  I i ) . On t h e  o t h e r  hand,  i f  compe t i t i on  i s  
n o t  i n t e n s e  enough, p o i n t  A i s  n o t  s t a b l e .  Neve r the l e s s ,  
it i s  n o t  d i f f i c u l t  t o  see t h a t  t r a j e c t o r i e s  cou ld  n o t  go 
i n t o  i n f i n i t y :  n e i t h e r  prey  nor  p r e d a t o r s  cou ld  reproduce  
themselves  u n l i m i t e d l y  because t h e  number of  p rey  i s  
l i m i t e d  by e x t e r n a l  r e sou rce s  and t h e  number o f  p r e d a t o r s  
by t h e  number of  p rey .  There fore ,  t h e  e x i s t e n c e  of  a  
l i m i t  c y c l e  i s  i n e v i t a b l e .  I n  p a r t i c u l a r ,  t h e  s e p a r a t r i x  
l i n e ,  which goes  o u t  from t h e  s a d d l e  p o i n t  B ( F i g . V I ( i i ) ) ,  
w i l l  s p i r a l  i n t o  t h e  c y c l e  from t h e  o u t s i d e .  
Thus, w i th  t h e  f i x e d  a , b , c , d ,  numerous p o s s i b l e  
va lues  of parameters  { ~ , a )  a r e  s epa ra t ed  i n t o  t h r e e  reg ions  
( F i g . V ) ,  according t o  t h e  three p o s s i b l e  types  of 
behaviour of system ( 1 0 ) .  Under va lues  of a  and E asso- 
c i a t e d  wi th  t h e  reg ion  (iii) i n  system (10) a  s t a b l e  coexis-  
t ence  p reda to r  and prey i s  impossible .  The p reda to r  
always d i e s  o u t  and t h e  number of prey i s  l i m i t e d  by t h e  
e x t e r n a l  r e sou rces .  
In  reg ion  (i) a  s i t u a t i o n  a r i s e s  where wi th  any 
i n i t i a l  c o n d i t i o n ,  t h e  system undergoes damped o s c i l l a t i o n s  
.. .. - 
and comes t o  a  s t a b l e  coex i s t ence  of p reda to r  and 
prey ( F i g . V I ( i ) ) .  In  r eg ion  (ii) t h e r e  a r e  no p o i n t s  of 
s t a b l e  e q u i l i b r i u m  a t  a l l ,  b u t  t h e r e  i s  a  regime of 
s t a b l e  o s c i l l a t i o n s  w i t h  c o n s t a n t  f r equenc ie s  and ampli tudes.  
The system a l s o  comes t o  t h i s  regime from any i n i t i a l  
cond i t i on  (F ig .  V I  (ii) ) .* 
The p o s s i b i l i t y  o f ' e x i s t e n c e  of a  l i m i t  cyc le  i n  such 
a  s imple  and e a s i l y  i n t e r p r e t e d  model i s  o f - g r e a t  i n t e r e s t  
i n  i t s e l f .  I would l i k e  t o  no te  t h a t  i n  Ki lmer 's  work [ 7 ]  
an e c o l o g i c a l l y  i n t e r p r e t e d  s t a b l e  l i m i t  cyc le  was ob ta ined  
* I n  o r d e r  n o t  t o  complicate  t h e  p i c t u r e ,  we do n o t  now 
make a  d i s t i n c t i o n  between a  f o c a l  p o i n t  and a  node p o i n t  
and pay a t t e n t i o n  on ly  t o  t h e  f a c t  of s t a b i l i t y  and i n s t a b i l -  
i t y  of a p o i n t .  A c t u a l l y ,  behaviour of t h e  system i n  t h e  
r i g h t  lower ang le  of t h e  reg ion  (i) and i n  t h e  l e f t  upper 
ang le  of t h e  r eg ion  (ii) w i l l  somewhat d i f f e r  from t h e  ones 
shown ( F i g . V I ( i )  and (ii) , r e s p e c t i v e l y ) .  I n  t h e  f i r s t  c a s e ,  
a  t r a j e c t o r y  w i l l  meet n o t  a  f o c a l  p o i n t ,  b u t  a  s t a b l e  node 
p o i n t .  I n  t h e  second c a s e ,  an uns t ab l e  node p o i n t  (bu t  n o t  
a  f o c a l  p o i n t )  w i l l  be i n s i d e  t h e  s t a b l e  l i m i t  c y c l e .  
only a f t e r  i n t roduc t ion  of many terms of high order  i n t o  
t h e  model and be fo re  t h a t ,  according t o  Kilmer, t h e r e  were 
no concre te  e c o l o g i c a l  models wi th  meaningful s t a b l e  l i m i t  
cyc les .  
A s  was mentioned above, t h e  occurrence i n  n a t u r e  o r  i n  
an experiment of s t a b l e  i n t e r r e l a t e d  o s c i l l a t i o n s  of preda- 
t o r s  and prey numbers can be explained only i f  t h e r e  i s  a 
l i m i t  c y c l e  i n  a  corresponding d i f f e r e n t i a l  equat ion.  Probably,  
some of t h e  mutual o s c i l l a t i o n s  of p reda tor  and prey numbers 
which a r e  observed i n  n a t u r e  could be i n t e r p r e t e d  wi th  
model ( 1 0 ) .  
On t h e  o t h e r  hand, it i s  necessary t o  make it c l e a r  
t h a t  system (10) could n o t  exp la in  a l l  t h e  s i t u a t i o n s  where 
c o r r e l a t e d  o s c i l l a t i o n s  of p reda tor  and prey numbers a r e  
observed. For example, it i s  q u i t e  c l e a r  t h a t  t h e  s t a b l e  
o s c i l l a t i o n s  of Paramecium and Didinium l abo ra to ry  popula t ions  
observed i n  t h e  experiments of Gause [16] (when a r t i f i c i a l  
p reda t ion  re fuges  and p e r i o d i c  r e i n t r o d u c t i o n s  of prey were 
employed) were n o t  s t a b i l i z e d  by t h e  f a c t o r  of compet i t ion 
between prey f o r  l i v i n g  space o r  o t h e r  resources .  
6. E f f e c t  of  Preda tor  S a t i a t i o n  and I n t r a s p e c i f i c  
Competition among Preda tors  
Let  us now cons ider  t h e  s i t u a t i o n  when t h e r e  is  no 
competi t ion i n  t h e  prey populat ion and when t h e  s i z e  of t h e  
p reda to r  popu la t ion ,  even wi th  an excess  of p rey ,  i s  l i m i t e d  
by a  compet i t ion f a c t o r ,  such a s  l i v i n g  space. 
Let  us  c o n s i d e r  sy s t em  (11) 
X = bxy 
ax - l + a x  
By s e t t i n g  e x p r e s s i o n s  f o r  x  and y  t o  z e ro  w e  f i n d  
c o o r d i n a t e s  of s p e c i f i c  p o i n t s  o f  t h e  system: 
- 
b(d-ac)  - 2  paa - Q 
X1 - 2  2  pau 
- b(d-ac )  - Q 
Y1 - 2  pab 
- b(d-ac )  - 2  pad + Q 
X2 - 2 paa 2  
- b ( d - ac )  + Q 
Y2 - I 2  p a b  
where 
F i r s t  of  a l l ,  it i s  n e c e s s a r y  t o  n o t e  t h a t  t h e  
n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  f o r  e x i s t e n c e  o f  two 
p o s i t i v e  e q u i l i b r i u m  p o i n t s  i s  t h e  i n e q u a l i t y :  
b  (d-ac)  2  
P < 4aad 
O u t s i d e  t h e  r e g i o n s  determined by t h i s  i n e q u a l i t y  
system (11) h a s  no s i n g u l a r  p o i n t s  a t  a l l ,  because  t h e  
r a d i c a nd  i n  (16)  and (17)  i s  n e g a t i v e .  
Cons ider  sys tem (11) under  c o n d i t i o n  ( 1 8 ) .  With 
a + 0 ,  and then  w i t h  u + 0, it i s  n o t  d i f f i c u l t  t o  a s c e r -  
t a i n  t h a t  t h e  p o i n t  {x l ,y l )  i n  bo th  c a s e s  cor responds  t o c  
p o i n t  A of t h e  sys tems (13)  and ( 7 )  r e s p e c t i v e l y .  Simi- 
l a r l y ,  t h e  p o i n t  c :  { x 2 , y 2 )  i n  bo th  c a s e s  goes t o  i n f i n i t y  
a long  bo th  coo rd ina t e s .  The s t a b i l i t y  t es t  shows t h a t  
p o i n t  c i s  always a  s a d d l e  p o i n t  and an arm o f  a  s e p a r a t r i x  
l i n e  going t o  t h e  r i g h t  from t h e  s a d d l e  p o i n t  and asymp- 
t o t i c a l l y  converging t o  y  = D / u .  
Proceeding from t h a t ,  one imagines a  phase p o r t r a i t  of  
t h e  system w i t h  a  > > FI ( F i g . V I I I ( i ) )  and p > > a  ( F i g . V I I I ( i i ) ) .  
[The i n e q u a l i t y  (18) of cou r se ,  i s  r e t a i n e d ;  t h i s  s t i p u l a t i o n  
w i l l  no l onge r  be r e p e a t e d ] .  Cons idera t ion  of  t h e s e  phase  
p o r t r a i t s  makes it c l e a r  t h a t  t hey  d i f f e r  from one ano the r  i n  
a  q u a l i t a t i v e  way due t o  two p e c u l i a r i t i e s :  F i r s t ,  by s t a b i l i t y  
of  p o i n t  A ,  and,  second,  by behaviour  of s p e c i f i c  t r a j e c t o r i e s ,  
p a s s i n g  from t h e  s a d d l e  p o i n t  c .  For  example, t h e  t r a j e c t o r y  
going t o  t h e  l e f t  from t h e  s a d d l e  p o i n t  pa s se s  t o  i n f i n i t y  
( F i g . V I I I ( i ) )  o r  does  no t  ( F i g . V I I I ( i i i ) ) .  I t  i s  c l e a r  t h a t  
w i t h  a  g iven a  t h e r e  must be some va lue  o f  FI such t h a t  an arm 
of a  s e p a r a t r i x  l i n e ,  going t o  t h e  l e f t  from t h e  s a d d l e  p o i n t ,  
r e t u r n s  t o  t h e  s a d d l e  p o i n t  from underneath .  I n  o t h e r  words,  
i n  t h e  space  of t h e  pa ramete r s  { a l p )  t h e r e  must be two 
s e p a r a t r i x  l i n e s :  whi le  c r o s s i n g  one of  them t h e  s t a b i l i t y  
of  p o i n t  A changes ,  wh i l e  c r o s s i n g  t h e  o t h e r  t h e r e  i s  a  change 
i n  behaviour  of t h e  s p e c i f i c  t r a j e c t o r i e s  pa s s ing  from t h e  
s a d d l e  p o i n t .  To f i n d  t h e  f i r s t  s e p a r a t r i x  l i n e  i s  n o t  d i f f i -  * 
c u l t .  I t  i s  enough t o  l i n e a r i s e  system (11) i n  t h e  v i c i n i t y  
of p o i n t  A and t o  o b t a i n  t h e  express ion  of  i t s  s t a b i l i t y :  
I n  c a s e  where a  and 1.1 a r e  sma l l  enough t o  permi t  t e r m s  
of second and h ighe r  o r d e r  t o  be i gno red ,  s t a b i l i t y  of  A i s  
determined by a  q u i t e  s imple  and e a s i l y  i n t e r p r e t e d  i n e q u a l i t y :  
I n  o t h e r  words, p o i n t  A i s  a  s t a b l e  f o c a l  p o i n t  
when compe t i t i on  between p r e d a t o r s  i s  g r e a t  enough i n  
comparison w i t h  t h e  e f f e c t  of  p r e d a t o r s '  s a t i a t i o n ;  and it 
is  an u n s t a b l e  f o c a l  p o i n t  when t h e  r e l a t i o n s h i p  o f  t h e s e  
e f f e c t s  i s  r eve r sed .  
A t  t h e  p r e s e n t  t i m e ,  an a n a l y t i c a l  exp re s s ion  f o r  t h e  
second s e p a r a t r i x  l i n e  has  n o t  been d e r i v e d .  The on ly  
t h i n g  t h a t  can be  s a i d  proceeding from g e n e r a l  cons ide r -  
a t i o n s  i s t h a t  t h i s  l i n e  must p a s s  th rough  t h e  o r i g i n  o f  
c o o r d i n a t e s  i n  { a , p )  parameter  space .  I t  is  even unknown 
whether it p a s s e s  above o r  below t h e  s e p a r a t r i x  l i n e  d i v i d -  
i ng  r e g i o n s  o f  s t a b i l i t y  from r e g i o n s  of  i n s t a b i l i t y  f o r  
p o i n t  A .  Approximate numeral e s t i m a t i o n s  sugges t  t h a t  
bo th  v a r i a n t s  a r e  p o s s i b l e  (F ig .  V I I  (i) ,(ii) ) . Phase por-  
t r a i t s  of  t h e  sys tem f o r  t h e  r eg ion  of  parameter  va lue s  
l y i n g  between t h e  two s e p a r a t r i x  l i n e s  ar,e g iven i n  bo th  
p o s s i b l e  v a r i a n t s  ( g  1 1  i , v  1 . One e a s i l y  can see 
t h a t  i n  bo th  c a s e s  t h e r e  i s  n e c e s s a r i l y  a  l i m i t  c y c l e  i n  
t h e  system: s t a b l e  (F ig .  V I I I  (iii) ) and u n s t a b l e  ( F i g - V I I I  ( i v )  
L e t  us  now t r y  t o  i n t e r p r e t  t h e  ob t a ined  regimes of 
behaviour  o f  t h e  system, i n  sequence ,  f o r  a l l  p o s s i b l e  
combinations of  v a l u e s  of  pa ramete r s  a and LI. 
I n  t h e  absence  of  compet i t ion  between p r e d a t o r s ,  a s  
w e  have a l r e a d y  s een ,  t h e  system has  one e q u i l i b r i u m  
p o i n t  - an u n s t a b l e  f o c a l  p o i n t  o r  a  node p o i n t  (F ig .  11). 
I n  t h i s  c a s e  t h e  f i n a l  r e s u l t  of  i n t e r a c t i o n  between p re -  
d a t o r  and p r ey  popu l a t i ons ,  r e g a r d l e s s  of  i n i t i a l  c o n d i t i o n s ,  
i s  un l imi t ed  r ep roduc t i on  o f  bo th  p r ey  and p r e d a t o r s  w i t h  
t h e  prey  escap ing  from p r e d a t o r  c o n t r o l . "  
With appearance  of weak compet i t ion  between p r e d a t o r s ,  
b e s i d e s  t h e  u n s t a b l e  f o c a l  p o i n t ,  t h e  s a d d l e  p o i n t  
c appea r s  i n  t h e  system ( F i g . V I I I ( i ) )  and w i t h  t h a t  o n l y  
t h e  q u a l i t a t i v e  n a t u r e  of  dynamics of  t h e  p roce s se s  re- 
mains unchanged. But t h e  f i n a l  r e s u l t  i s  t h e  same - bo th  
p r e d a t o r s  and prey reproduce  un l im i t ed ly  and p r ey  e scape  
from p r e d a t o r  c o n t r o l .  
With growing compet i t ion  t h e  system can behave i n  two 
ways depending on t h e  va lue s  o f  o t h e r  parameters .  L e t  us  
c o n s i d e r  bo th  p o s s i b l e  ways of  e v o l u t i o n  of  t h e  phase por-  
t r a i t  o f  t h e  system w i t h  p i n c r e a s i n g .  I n  t h e  f i r s t  v a r i a n t  
t h e  f o c a l  p o i n t  A i s  t ransformed from u n s t a b l e  t o  s t a b l e  
be fo r e  t h e  behaviour  o f  t h e  s e p a r a t r i x  l i n e  changes i n  a  
* Here and below w e  i gno re  t h e  f a c t  t h a t  passage  of  t h e  
t r a j e c t o r y  t o o  c l o s e  t o  one o f  t h e  coo rd ina t e  axes  a c t u a l l y  
means t h a t  t h e  corresponding popu l a t i on  d i e s  o u t .  
q u a l i t a t i v e  way (F ig .  V I I I  ( i v )  ) . An uns t ab l e  l i m i t  cyc le  
appears  wi th  t h e  s e p a r a t r i x  l i n e  coming t o  t h e  s add le  p o i n t  
c from below. That means t h a t  i n  t h e  v i c i n i t y  of p o i n t  A 
some c losed  reg ion  of i t s  s t a b i l i t y  appears .  I f  t h e  i n i t i a l  
cond i t i on  corresponds t o  t h e  phase p o i n t  i n s i d e  t h e  uns t ab l e  
l i m i t  c y c l e ,  t h e r e  w i l l  be t r a n s i e n t  o s c i l l a t i o n s  of numbers 
of p r e d a t o r s  and prey i n  t h e  system, l ead ing  t o  a s t a b l e  
equi l ib r ium.  Otherwise,  prey,  a s  be fo re ,  w i l l  escape t h e  
p reda to r .  
With a subsequent growth of v t h e  reg ion  e n c i r c l e d  by 
t h e  s t a b l e  l i m i t  c y c l e  grows and e v e n t u a l l y  t h e  c y c l e  be- 
comes semis t ab l e ,  co inc id ing  wi th  a loop made by an arm of 
t h e  s e p a r a t r i x  l i n e  going o u t  t o  t h e  l e f t  from t h e  s add le  
p o i n t  c and coming i n t o  t h e  s add le  p o i n t  from below. With 
a f u r t h e r  i n c r e a s e  of v ,  t h i s  loop "breaks"  ( F i g . ~ 1 1 1 ( i i ) ) .  
The reg ion  of s t a b i l i t y  of A i s  l i m i t e d  by a curve made of  
t h e  arms of t h e s e p a r a t r i x l i n e ,  coming i n t o  t h e  s add le  
p o i n t .  I t  i s  a c u r i o u s  t h i n g  t h a t  t o  t h e  l e f t  of and below 
t h i s  curve t h e r e  i s  some k ind  of " c o r r i d o r "  - a r eg ion  of 
i n i t i a l  c o n d i t i o n s  f o r  t h e  system under which prey escape 
from t h e  p reda to r s .  I t  would be i n t e r e s t i n g  t o  f i n d  o u t  
whether i t s  width under p l a u s i b l e  va lues  of parameters  i s  
s o  i n s i g n i f i c a n t  t h a t  p o i n t s  i n s i d e  t h e  c o r r i d o r  correspond 
t o  t h e  system wi th  p r e d a t o r  and prey e s s e n t i a l l y  e x t i n c t .  
The o t h e r  p o s s i b l e  mode of evo lu t ion  of t h e  phase p o r t r a i t  
of t h e  system i s  t h e  fo l lowing .  With i n c r e a s e  of v 
t h e  e q u i l i b r i u m  p o i n t  remains an  u n s t a b l e  f o c a l  p o i n t ,  
w h i l e  a n  arm of t h e  s e p a r a t r i x  l i n e ,  going o u t  t o  t h e  
l e f t  from t h e  s a d d l e  p o i n t ,  e v e n t u a l l y  c o i n c i d e s  w i t h  an 
arm coming i n t o  t h e  s a d d l e  p o i n t  from undernea th .  The 
r e s u l f i n g  l o o p  becomes a  s e m i s t a b l e  c y c l e  ( s t a b l e  i n s i d e  
and u n s t a b l e  o u t s i d e ) .  With f u r t h e r  growth of p ,  a  s t a b l e  
l i m i t  c y c l e  a p p e a r s  i n  t h e  sys tem ( F i g . V I I I ( i i i ) ) .  Tra-  
j e c t o r i e s  go ing  o u t  from t h e  u n s t a b l e  f o c a l  p o i n t  A s p i r a l  
o u t  t o  t h e  c y c l e  from i n s i d e ,  and t h e  s e p a r a t r i x  l i n e  
go ing  o u t  t o  t h e  l e f t  from t h e  s a d d l e  p o i n t  s p i r a l s  i n  from 
o u t s i d e .  The whole r e g i o n  i n s i d e  t h e  curve  made by t h e  
arms o f  t h e  s e p a r a t r i x  l i n e  coming i n t o  t h e  s a d d l e  p o i n t  is  
a s t a b i l i t y  r e g i o n  f o r  t h i s  l i m i t  c y c l e .  I n  o t h e r  words,  
under  any i n i t i a l  c o n d i t i o n s  cor respond ing  t o  a  p o i n t  
i n s i d e  t h i s  r e g i o n ,  t h e  sys tem e n t e r s  t h e  regime of  s t a b l e  
o s c i l l a t i o n s  o f  p r e d a t o r s  and p rey  w i t h  c o n s t a n t  f r equency  and 
ampl i tude .  
With p f u r t h e r  i n c r e a s i n g ,  t h e  r e g i o n  i n s i d e  t h e  l i m i t  
c y c l e  d i m i n i s h e s  and,  c o r r e s p o n d i n g l y ,  t h e  ampl i tude  o f  t h e  
s t a b l e  o s c i l l a t i o n s  of p o p u l a t i o n  numbers a l s o  d i m i n i s h e s .  
And, a t  l a s t ,  under p-abc/d t h e  l i m i t  c y c l e  becomes a  s t a b l e  
f o c a l  p o i n t  (F ig .  V I I I  (ii) ) . * 
* Here a s  i n  t h e  p r e v i o u s  s e c t i o n ,  i n  o r d e r  n o t  t o  compl ica te  
t h e  p i c t u r e ,  w e  d o  n o t  c o n s i d e r  t h e  behaviour  o f  t h e  sys tem 
n e a r  p o i n t  A ,  and l i m i t  o u r s e l v e s  t o  t h e  f a c t  o f  s t a b i l i t y  o r  
i n s t a b i l i t y .  A c t u a l l y ,  behaviour  o f  t h e  sys tem i n  t h e  r i g h t  
lower  " a n g l e "  of  r e g i o n  (i) and i n  t h e  l e f t  upper  " a n g l e "  of 
r e g i o n  (ii) (F ig .  V I I )  d i f f e r s  somewhat from t h a t  shown i n  
F i g u r e  V I I I  and V I I I  (ii).  I n  t h e  f i r s t  c a s e  an u n s t a b l e  f o c a l  
p o i n t  i s  t r ans fo rmed  i n t o  an u n s t a b l e  node p o i n t ,  and i n  t h e  
second c a s e  a  s t a b l e  f o c a l  p o i n t  i n t o  a  s t a b l e  node p o i n t .  
Thus, i n  system (12)  t h e  fo l lowing  regimes  can b e  
r e a l i z e d  under v a r i o u s  parameter  v a l u e  combinat ions :  
(1) Under any i n i t i a l  c o n d i t i o n s  of  popu l a t i on  numbers 
t h e  prey  e scape  from p r e d a t o r  c o n t r o l  (F ig .  V I I I  (i) ) . 
( 2 )  There is  a  compara t ive ly  sma l l  c l o sed  r eg ion  such 
t h a t  under i n i t i a l  c o n d i t i o n s  cor responding  t o  a  
phase p o i n t  i n s i d e  t h i s  r e g i o n ,  a t t e n u a t i n g  o s c i l -  
l a t i o n s  t a k e  p l a c e  which r e s u l t  i n  a  s t a b l e  equ i l i b r i um.  
Under i n i t i a l  c o n d i t i o n s  which a r e  beyond t h e  r e g i o n ,  
prey  e scape  from t h e  p r e d a t o r  c o n t r o l  ( F i g . V I I I ( i v ) ) .  
( 3 )  There i s  an open r eg ion  of i n i t i a l  v a l u e s  .such t h a t  
under c o n d i t i o n s  cor responding  t o  t h e  phase  p o i n t s  
i n s i d e  t h i s  r e g i o n  t h e  system always comes t o  t h e  
regime of s t a b l e  f l u c t u a t i o n s  of  numbers w i t h  pe r -  
manent f requency  and ampl i tude  ( ~ i g . V I I I ( i i i )  ) .
( 4 )  There i s  an  open r e g i o n  of  i n i t i a l  v a l u e s  from which 
t h e  sys tem,  i n  a p r o c e s s  of  a t t e n u a t i n g  o s c i l l a t i o n s ,  
comes t o  t h e  s t a b l e  e q u i l i b r i u m  c o n d i t i o n  ( F i g . V I I I ( i i ) ) .  
I n  summary, i n  t h e  system where t h e  e f f e c t s  of  
p r e d a t o r ' s  s a t i a t i o n  and of  compet i t ion  among p r e d a t o r s  
f o r  any r e s o u r c e  u n r e l a t e d  t o  p rey  and a v a i l a b l e  i n  f i x e d  
q u a n t i t y  a r e  t a k e n  i n t o  c o n s i d e r a t i o n ,  t h e r e  i s  always a  
r e g i o n  o f  i n i t i a l  v a l u e s  under  which t h e  p r ey  popu l a t i on  
e s c a p e s  from t h e  p r e d a t o r s  and,  moreover,  under  i n t e n s e  
enough compe t i t i on  t h e r e  cou ld  be  a  r e g i o n  o f  i n i t i a l  va lue s  
from which t h e  sys tem comes e i t h e r  t o  a  regime of  
s t a b l e  o s c i l l a t i o n s  o r  t o  a  s t a b l e  e q u i l i b r i u m  s t a t e .  
7.  E f f e c t  o f  P r e d a t o r  S a t i a t i o n ,  And ~ n t r a s p e c i f i c  
Compet i t ion  b o t h  among P r e d a t o r s  and among Prey.  
Now, i n  o r d e r  t o  t a k e  i n t o  c o n s i d e r a t i o n  t h e  f a c t  t h a t  
even when prey e scape  from t h e  p r e d a t o r s  t h e  u n l i m i t e d  re- 
p r oduc t i on  of p rey  i s  imposs ib l e ,  w e  c o n s i d e r  compe t i t i on  
among prey.  The corresponding system of equa t ions  i s  a s  
fol lows : 
S e t t i n g  x  and y  t o  ze ro ,  we o b t a i n  a l g e b r a i c  systems 
of equa t ions  t h a t  de f ine  t h e  coo rd ina t e s  of t h e  equ i l i b r ium 
p o i n t s .  This  system l eads  t o  t h e  cubic  equa t ion  r e l a t i v e  
t o  x  o r  y ,  b u t  express ions  f o r  i t s  s o l u t i o n  a r e  bulky. 
However, wi th  known combinations of behaviour types  of t h e  
predator-prey system, and t ak ing  i n t o  account any p a i r  of 
t h e  t h r e e  e f f e c t s  [ cha rac t e r i zed  by t h e  parameters a  (sa-  
t i a t i o n  of p r e d a t o r ) ,  p (compet i t ion between p r e d a t o r s ) ,  
and E (compet i t ion between p r e y ) ] ,  one can q u a l i t a t i v e l y  
v i s u a l i z e  t h e  s epa ra t ion  of t h e  three-dimensional  space of 
parameters I a , v , ~ )  i n t o  reg ions  (Fig .  I X ) ,  and t h e  n a t u r e  
of behaviour of t h e  system wi th in  each of t h e s e  r eg ions  
(Fig.  Xi)  . 
Separa t ion  of p lanes  of coo rd ina t e s  I a t p ) ,  I Q , E ) ,  I ~ , E )  
i n t o  r e g i o n s ,  of course ,  p r e c i s e l y  corresponds wi th  F igures  
111, V ,  and V I I  r e s p e c t i v e l y .  Refer r ing  t o  Fig .  I X ,  t h e  
a r e a  i n t e r s e c t i n g  t h e  p lanes  of t h e  coo rd ina t e s  along AB, -
AC, and BF l i n e s  i s  t h e  f r o n t i e r  of a  reg ion  ad j acen t  t o  
- - 
t h e  o r i g i n  of t h e  coo rd ina t e s ,  beyond which t h e  system has  
no e n t i r e l y  n o n t r i v i a l  equ i l i b r ium p o i n t s  and t h e  p o i n t  B 
i s  a s t a b l e  node p o i n t  (Fig .  I V  (iii) ) . 
The r e g i o n  a d j a c e n t  t o  t h e  o r i g i n  o f  t h e  c o o r d i n a t e s  
and c o n f ined  by t h e  p l a n e s  o f  c o o r d i n a t e s  and by t h e  a r e a  
CABF, i s  s e p a r a t e d ,  a s  shown i n  F igu re  I X ,  i n t o  s i x  s m a l l e r  
r e g i o n s .  L e t  us  c o n s i d e r  t h e  behaviour  o f  t h e  sys tem i n  
each  of  t h e s e  r e g i o n s .  Here one should  proceed from t h e  
known, u s i n g  phase p o r t r a i t s  o f  t h e  sys tem f o r  t h e  p o r t i o n s  
of  p l a n e s  o f  t h e  c o o r d i n a t e s  c o n f i n i n g  t h e s e  r e g i o n s ,  a s  
w e l l  a s  from t h e  f a c t  t h a t  t h e  system always has  e i t h e r  one 
o r  t h r e e  n o n t r i v i a l  e q u i l i b r i u m  p o i n t s  i n  r eg ion  under 
c o n s i d e r a t i o n .  
Behaviour o f  t h e  sys tem i n  t h e  r eg ion  (i) (F ig .  I X )  
n a t u r a l l y  c o i n c i d e s  w i t h  i t s  behaviour  i n  t h e  p o r t i o n s  o f  
t h e  p l a n e s  of  c o o r d i n a t e s  O J B  - ( F i g . v ~  (i) ) and EOBF (Fig.IV 
( i ) , ( i i ) )  c o n f i n i n g  t h i s  r eg ion .  The sys tem has  one s t a b l e  
p o i n t  A .  * 
I n  t h e  same manner, behav iour  of  t h e  system i n  t h e  
r e g i o n  AJKO does  n o t  d i f f e r  from i t s  behaviour  on t h e  f r o n t i e r  
AJO o f  t h i s  r e g i o n  (see F i g . V I ( i i ) ) .  There  i s  a s t a b l e  
- 
c y c l e  and a n  u n s t a b l e  p o i n t  i n s i d e  t h i s  c y c l e .  The s e p a r a t r i x  
l i n e ,  coming o u t  from t h e  s a d d l e  p o i n t  B s p i r a l s  i n t o  
t h e  c y c l e  from o u t s i d e .  
Unl ike  i t s  behaviour  i n  t h e  r e g i o n s  (i) and (ii) , behav iour  
* H e r e  and below a s  w e l l  a s  above w e  i g n o r e  t h e  d i f f e r e n c e  
between a f o c a l  p o i n t  and a node p o i n t  and c o n s i d e r  on ly  
t h e  f a c t  o f  s t a b i l i t y .  
o f  t h e  systerr, i n s i d e  t h e  r e g i o n s  (iii) , ( i v )  and ( v )  - ( v i )  , 
s e p a r a t e d  by t h e  c o o r d i n a t e  p l a n e  { a l p ) ,  i s  n o t  e n t i r e l y  
t h e  same a s  t h e  behaviour  of  t h e  sys tem i n  t h e  p o r t i o n s  
of t h e  c o o r d i n a t e  p l a n e  s e p a r a t i n g  t h e  cor respond ing  re- 
g i o n s .  The f a c t  i s ,  t h a t  under any i n s i g n i f i c a n t  E t h e  
s a d d l e  p o i n t  B a p p e a r s  i n  t h e  sys tem and,  s i m u l t a n e o u s l y ,  
t h e  s t a b l e  node p o i n t  D appears .  Behaviour of t h e  sys tem 
i n  t h e  r e g i o n s  (iii) and ( i v )  cou ld  be s e e n  i n  F i g u r e  X ( i i i ) ,  
( i v ) .  I t  i s  n o t  d i f f i c u l t  t o  see t h a t  t h e  behaviour  o f  t h e  
system i n  t h e  r e g i o n s  o f  s m a l l  number of p rey  (x )  does  n o t  
d i f f e r  ve ry  much from behaviour  of  t h e  sys tem ana lysed  
w i t h o u t  t a k i n g  i n t o  c o n s i d e r a t i o n  t h e  c o m p e t i t i o n  among 
p rey .  But t h e  p r i n c i p a l  d i f f e r e n c e  i s  t h e  f o l l o w i n g :  if 
i n  t h e  absence  o f  c o m p e t i t i o n  among p r e y ,  e s c a p e  o f  p r e y  
from p r e d a t o r s  means u n l i m i t e d  r e p r o d u c t i o n  of p r e y ,  w i t h  
such c o m p e t i t i o n ,  e s c a p e  means t h a t  t h e  number of  p rey  
t e n d s  t o  b e  a  v a l u e  de termined by t h e  l i m i t  o f  e x t e r n a l  
r e s o u r c e s .  
Behaviour of  t h e  system i n  t h e  r e g i o n  GHLKO c o u l d  b e  
d u a l  ( t h e  same a s  on t h e  f r o n t i e r  o f  t h e  r e g i o n  OGH - ( s e e  
-
F i g . V I I I ( i i i ) , ( i v ) )  depending on r e l a t i v e  p o s i t i o n  o f  t h e  
s e p a r a t r i x  l i n e s ,  one o f  which s e p a r a t e s  t h e  s t a b i l i t y  re- 
gion  of p o i n t  A and t h e  o t h e r  s e p a r a t e s  r e g i o n s  w i t h  d i f f e r e n t  
behav iour  of  t h e  s p e c i f i c  t r a j e c t o r i e s  go ing  th rough  
t h e  s a d d l e  p o i n t  c ( F i g .  V I I ) .  
Now it i s  c l e a r  t h a t  OAKLDE i s  a  p l a n e  s e p a r a t i n g  t h e  
r e g i o n  o f  t h e  e x i s t e n c e  of  t h e  s t a b l e  node p o i n t  D and t h e  
s a d d l e  p o i n t  c .  With growth of a ,  t h e s e  p o i n t s  converge 
and,  a t  l a s t ,  d i s appea r .  
Knowing t h i s ,  one can make some d e l i b e r a t i o n s  about  
t h e  behaviour  of  t h e  sys tem i n  t h e  reg ion  OGHLK - t h e  on ly  
r eg ion  which has  no f r o n t i e r  w i t h  any c o o r d i n a t e  p l anes .  
Behaviour of t h e  system i n  t h i s  reg ion  cou ld ,  n a t u r a l l y ,  
be  d u a l ,  because  it depends on t h e  r e l a t i v e  p o s i t i o n  of  
t h e  s e p a r a t r i x  l i n e s  - O J  and - OG.
I t  i s  n o t  d i f f i c u l t  t o  see t h e  fo l lowing :  i f  behaviour  
i n  t h e  r e g i o n  OGHLK i s  c h a r a c t e r i s e d  by t h e  p resence  
of  t h e  s t a b l e  l i m i t  c y c l e ,  t hen  w i t h  t h e  d i s appea rance  of 
p o i n t s  c and D (when t h e  f r o n t i e r  - OKL i s  c r o s s e d ) ,  behav- 
i o u r  o f  t h e  system i n  t h e  r e g i o n  OJKL becomes q u a l i t a t i v e l y  
t h e  same a s  i n  t h e  r eg ion  OAJK -- i n  t h e  sys tem t h e r e  i s  a 
s t a b l e  c y c l e  w i t h  an u n s t a b l e  p o i n t  A i n s i d e  it. 
It i s  q u i t e  ano the r  t h i n g  i f  behaviour  o f  t h e  system 
i n  t h e  r eg ion  OGHLK i s  c h a r a c t e r i s e d  by t h e  p r e sence  of an  
u n s t a b l e  l i m i t  c y c l e .  I n  t h a t  c a s e ,  w i t h  t h e  d i sappearance  
o f  p o i n t s  c and D ,  t h e  u n s t a b l e  c y c l e  w i l l  con t inue  t o  
e x i s t  b u t  n e c e s s a r i l y  becomes surrounded by a s t a b l e  l i m i t  
c y c l e  t o  which t h e  s e p a r a t r i x  l i n e ,  coming o u t  of  t h e  s a d d l e  
p o i n t  B ,  s p i r a l s  i n  from o u t s i d e  ( F i g . X ( v i i ) ) .  Thus, 
one o b t a i n s  an  e n t i r e l y  new t y p e  o f  behaviour  o f  t h e  system. 
Moreover, under any i n i t i a l  c o n d i t i o n s  which a r e  beyond t h e  
u n s t a b l e  l i m i t  c y c l e ,  t h e  system e n t e r s  a  regime o f  s t a b l e  
o s c i l l a t i o n s ,  and under t h e  i n i t i a l  c o n d i t i o n s  which c o r r e -  
spond t o  t h e  p o i n t s  i n s i d e  t h e  u n s t a b l e  c y c l e ,  t h e  
comes t o  a  s t a t e  of s t a b l e  equi l ib r ium.  
In  summary, t h e  prov is ion  of e f f e c t s  of s a t i a t i o n  of 
p reda to r s  and compet i t ion among both p reda to r s  and prey i n  
V o l t e r r a ' s  system r e s u l t s  i n  t h e  fol lowing poss ib l e  behav- 
i o u r a l  regimes : 
(1) Preda tor  d i e s  o u t ,  number of prey i s  l i m i t e d  by e x t e r n a l  
r e sou rces  ; 
( 2 )  Under any i n i t i a l  condi t ions  t h e  system comes t o  a  
s t a t e  of  s t a b l e  equi l ib r ium i n  which preda tor  and prey 
determine each o t h e r ' s  numbers; 
(3 )  Under any i n i t i a l  cond i t i ons  t h e  system e n t e r s  a  s t a t e  
of s t a b l e  o s c i l l a t i o n s ;  
( 4 )  The system comes t o  a  s t a t e  of s t a b l e  o s c i l l a t i o n s  
under any i n i t i a l  condi t ions  except  a  smal l  reg ion  
around t h e  s t a t e  of equ i l ib r ium;  
( 5 )  The reg ion  of i n i t i a l  cond i t i ons  i s  s e ~ a r a t e d  i n t o  
two r eg ions :  o u t  of t h e  f i r s t  one t h e  system reaches  
a  s t a t e  of equ i l ib r ium i n  which number of prey i s  
l i m i t e d  by e x t e r n a l  resources .  Out of t h e  o the r  deve l -  
ops a  s t a t e  of s t a b l e  equ i l i b r ium i n  which p reda to r  
and prsy  l i m i t  each o t h e r ' s  number, o r  a  s t a t e  of 
s t a b l e  o s c i l l a t i o n s ;  
(6) Under any i n i t i a l  condi t ions  t h e  system reaches  a  
s t a t e  of s t a b l e  equi l ib r ium i n  which t h e  number of 
prey i s  l im i t ed  by e x t e r n a l  resources .  
CONCLUSION 
A model of t h e  predator-prey system has been analysed.  
I t  i s  based on t h e  following assumptions,  some of which a r e  
der ived  from t h e  c l a s s i c  Lotka-Volterra model: 
(1) A popula t ion  of prey i n  absence of p reda to r s  and o t h e r  
f a c t o r s  l i m i t i n g  i t s  number grows exponen t i a l l y .  
( 2 )  The r a t e  o f  d e c r e a s e  i n  number o f  p r e y  due  t o  p r e d a t i o n  
i s  always p r o p o r t i o n a l  t o  t h e  number of p r e d a t o r s .  
( 3 )  The growth o f  t h e  p rey  p o p u l a t i o n ,  r e g a r d l e s s  of 
p r e d a t o r s  and p a r t i c u l a r l y  i n  t h e i r  absence ,  i s  l i m i t e d  
by t h e  s c a r c i t y  o f  some n e c e s s a r y  r e s o u r c e s  i n  such a  
way t h a t  w i t h  i n c r e a s i n g  numbers t h e  d e a t h  r a t e ' i n s z e a s e s  
( i n  a  l i n e a r  way) due  t o  c o m p e t i t i o n  among p r e y  
f o r  t h e s e  r e s o u r c e s .  I n  t h e  absence  of  p r e d a t o r s ,  t h e  
dynamics o f  one  p rey  p o p u l a t i o n  compl ies  w i t h  a  l o g i s -  
t i c  e q u a t i o n .  
( 4 )  The r a t e  o f  d e c r e a s e  i n  t h e  number o f  p r e y  due  t o  
p r e d a t i o n  i s  p r o p o r t i o n a l  t o  t h e  number o f  p rey  when 
t h e r e  a r e  few p r e y ,  and does  n o t  depend on t h e  number 
o f  p rey  when t h e r e  i s  an e x c e s s  of  p rey  ( e f f e c t  of  
p r e d a t o r s '  s a t i a t i o n ) .  T h i s  set  o f  r u l e s  i s  analogous  
t o  t h e  Michaelis-Menten e q u a t i o n :  
( 5 )  I n  t h e  absence  of  p r e y  t h e  number o f  p r e d a t o r s  d e c r e a s e s  
e x p o n e n t i a l l y  a s  p r e d a t o r s  d i e  o u t .  
( 6 )  The i n c r e a s e  i n  number o f  p r e d a t o r s  i s  p r o p o r t i o n a l  
t o  t h e  number o f  p r e y  e a t e n .  I n  o t h e r  words,  t h e  
r a t i o  o f  c o n v e r s i o n  o f  p rey  biomass i n t o  p r e d a t o r  b i o -  
mass i s  c o n s t a n t .  
(7) Even w i t h  an  e x c e s s  o f  p r e y ,  t h e  i n c r e a s e  i n  p r e d a t o r s  
i s  l i m i t e d  by s c a r c i t y  of  r e s o u r c e s  u n r e l a t e d  t o  p rey  
b u t  n e c e s s a r y  f o r  t h e  p r e d a t o r .  Due t o  c o m p e t i t i o n  
among p r e d a t o r s  f o r  t h e s e  r e s o u r c e s ,  t h e i r  d e a t h  r a t e  
i n c r e a s e s  l i n e a r l y  w i t h  t h e i r  growth i n  numbers. With 
an  e x c e s s  of  p r e y ,  t h e  dynamics o f  t h e  p r e d a t o r  popu- 
l a t i o n  compl ies  w i t h  a  l o g i s t i c  e q u a t i o n .  
Though a l l  a s sumpt ions  on which t h e  model i s  based  a r e  
v e r y  c r u d e  approx imat ions  of r e a l i t y  ( p a r t i c u l a r l y  f o r  
s m a l l  numbers o f  p r e y  and p r e d a t o r s ) ,  t h e y  a l l o w  us  t o  de- 
s c r i b e  and i n t e r p r e t  t h e  f o l l o w i n g  s i t u a t i o n s  from a  s i n g l e  
p o i n t  o f  view: 
(1) There i s  one  s t a t e  o f  s t a b l e  e q u i l i b r i u m  D ,  i n  which 
t h e  numbers of p reda to r s  and prey a r e  d i f f e r e n t  from 
zero and t h e  number of prey i s  l i m i t e d  by a  s c a r c i t y  of 
some r e sou rces ,  b u t  no t  by a  "pressure"  from p reda to r s  
(F1g.X (iii) ) . 
( 2 )  There a r e  two s t a t e s  of  s t a b l e  equi l ib r ium.  One of them 
i s  t h e  same a s  i n  t h e  above p o i n t  D .  In  t h e  o t h e r  s t a t e ,  
t h e  numbers of p reda to r s  and prey l i m i t  each o t h e r .  The 
region of s t a b i l i t y  of t h e  second s t a t e  could be both 
c losed  and open ( F i g . X ( i v ) ) .  Numbers of p r e d a t o r s  and 
prey approach t h i s  s t a t e  i n  a  form of a t t e n u a t i n g  
o s c i l l a t i o n s .  
(3 )  There i s  t h e  s t a t e  of s t a b l e  equ i l i b i rum D and t h e  s t a t e  
of s t a b l e  o s c i l l a t i o n s  of numbers nea r  s t a t e  A (Fig.X(v) ) . 
( 4 )  Near s t a t e  A t h e r e  i s  only t h e  s t a t e  of s t a b l e  o s c i l l a t i o n s .  
The n a t u r e  of o s c i l l a t i o n  s t imu la t ion  could be  both smooth 
(when s t a b l e  o s c i l l a t i o n s  wi th  c e r t a i n  ampli tudes  of 
o s c i l l a t i o n  i n  t h e  number of p reda to r s  and prey  a s  we l l  a s  
wi th  a  c e r t a i n  per iod  could be a r r i v e d  a t  under any i n i t i a l  
cond i t i ons  (Fig.X (ii) ) and d r a s t i c  (Fig.X ( v i i )  ) . 
(5)  There i s  only one s t a t e  of s t a b l e  equ i l i b r ium A ,  when t h e  
preda tor  and prey popula t ions  l i m i t  each o t h e r  ( F i g . X ( i ) ) .  
Figure I .  Dynamics of populat ion s i z e  of 
p reda to r  (Y) and prey (X) 
according t o  V o l t e r r a ' s  c l a s s i c a l  
model: phase p o r t r a i t  of  a  
system. 
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F i g u r e  11; Phase p o r t r a i t s  o f  system ( 7 )  w i t h  
Figure 111. Separation of the space of parameters {E, 
of the system (14). 
F i g u r e  I V .  Phase p o r t r a i t s  of  t h e  system ( 1 4 )  f o r  
co r respond ing  r e g i o n s  o f  t h e  space  o f  
p a r a m e t e r s  {E. p) ( s e e  F i g .  111). 
Figure V. Separation of the space of parameters 
€a, € 1  of the system (10). 
F i g l ~ r e  V I .  Phase p o r t r a i t s  o f  t h e  system ( 1 0 )  f o r  
co r respond ing  r e g i o n s  o f  t h e  space  of  
pa ramete r s  {a, E )  (see F i g u r e  V )  . 
F i g u r e  V I I .  Two p o s s i b l e  v a r i a n t s  o f  s e p a r a t i o n  of  t h e  
pa ramete r  space  of t h e  sys tem (11). O J  - 
s e p a r a t r i x  l i n e  between s t a b i l i t y  and- 
i n s t a b i l i t y  r e g i o n s  o f  p o i n t  A; OG - 
s e p a r a t r i x  l i n e  between r e g i o n s  w i t h  
q u a l i t a t i v e  d i f f e r e n t  behav iour  of  s p e c i a l  
t r a j e c t o r i e s  p a s s i n g  th rough  t h e  s a d d l e  
p o i n t  B. 
F i g u r e  V I I I .  Phase  p o r t r a i t s  o f  t h e  sys t em (11) f o r  
c o r r e s p o n d i n g  r e g i o n s  o f  t h e  s p a c e  o f  
p a r a m e t e r s  { a ,  (see F i g u r e  V I I )  . 
Figure IX. Separation of the space of parameters 




B ' X  
F i g u r e  X: Phase  p o r t r a i t s  o f  t h e  sys tem ( 1 9 )  f o r  
c o r r e s p o n d i n g  r e g i o n s  o f  t h e  s p a c e  of  
p a r a m e t e r s  (see F i g u r e  1x1. 
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